
A biographical journey from conics to
ovals

1 Proem
“Viṣṇunā preritaḥ so ’ṇḍavid bhavati sarvāṇḍavid bhavati |”
“Inspired by Viṣṇu he becomes the knower of the oval, he becomes the knower of all ovals.”

It was in the 7th year of our life when we awoke from a nap one
afternoon and was asked by our father to listen to him read out the
biography of Rene Descartes from a collection of biographies of Euro-
American scientists that he possessed. The biography of the man per say
seemed rather unremarkable to us beyond the possibility of his missing
skull. On that latter matter we were to later compose a story, which
if the deva-s are favorable we might narrate someday. His philosophy
itself left little of a mark on us, given that we were conscious of being
the inheritors of an unbroken philosophical tradition going right back to
the steppes of Eurasia, even though our understanding of it was rather
limited back in those days. Nevertheless, his being a philosopher, scien-
tist and mathematician all rolled into one made a deep impression on
us.

But at that age some things in particular caught our fancy: The fact he and his enemy/friend
Issac Beeckman revived Greek atomism of the old Epicurus greatly impressed us. In particular, the
rather remarkable Cartesian formulation of ”corpuscularism” with its vortices of matter intrigued
us. Likewise, we felt a resonance with his fascination for ellipses, other conics, and ovals, shapes
which we understood little at that time but were enamored by nevertheless. We were intrigued
by his trisection of an angle using a parabola and circles. We wished to reenact it but both our
geometry and trigonometry were barely developed.

Sometime between the 9th and 10th year of our life we experienced a resurgent interest in conics
and ovals as a result of our astronomical renaissance along with improved abilities in constructions.
We were able to briefly loan the famous book “A book of curves” by the Englishman Lockwood from
a local library, which propelled us further in drawing some of the curves of our interest even though
our understanding was still very limited. Armed with a stash of graph paper and curve-fitting
set-squares we had obtained from our father we spent our days in constructions.
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Figure 1: Doubling the cube with two
parabolas

Figure 2: Doubling the cube with a hyper-
bola and a parabola

It was then that we relived the Delian construction using the parabola and the rectangular
hyperbola, which we found relatively easy to construct —especially because we had gained a proper
understanding of the inverse proportion and square curves by then. Two trivial constructions for
the Delian problem became obvious to us —we set them down here, in part as though an offering to
the god Rudra, the cognate of the god Apollo of the yavana-s —after all even the most elementary
geometry should not be disparaged by the man of limited intellect.

In the first of these constructions □OACB is the face of the original cubical altar whose volume
needed to be doubled (Figure 1). We draw two parabolas, one of the form y = x2 and the other
of the form y2 = 2x. The x-coordinate of their non-origin point of intersection D is accordingly
obtained by solving x(x3 − 2) = 0. This provides us with the face of the cube with double the
volume namely □OGHF .

In the second construction □OCDB is the face of the cubical altar whose volume needed to be
doubled (Figure 2). We draw the rectangular hyperbola xy = 1, the classical inverse proportion

curve. We then draw the parabola of the form y =
x2

2
. Their point of intersection A is obtained

by solving x3 − 2 = 0, which duly gives us the □OGHE which is the face of the cube with double
the volume as the original one.
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2 The Cartesian trisection
These simple constructions allowed us to next achieve the trisection of the angle using the Carte-
sian method that had intrigued us earlier. Embarrassingly, we had to reach our 14th year for us to
properly understand what it was all about, by then armed with the triple angle formula.

To re-experience the sheer elegance of this construction (Figure 3), which has parallels to those
of the old associate of Plato, Menaechmus, in the solution of the Delian predicament we present it
below:

Figure 3: Construction of an ellipse using two concentric circles

1. Let ∠ABC = t be the angle to be trisected. Construct a unit circle with center at B which
cuts the angle at point C.
2. Drop a perpendicular from point C to the base ←→AB so that it cuts it at point G. BG will hence
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be cos(t)
3. Bisect BG to get point H and draw a perpendicular through H.
4. Draw a tangent to the unit circle parallel to←→AB so that it cuts the above perpendicular through
H. This gives us point I which will correspond to the coordinates (

cos(t)

2
, 1).

5. Using point I as the center draw a circle that passes through point B, the vertex of the angle to
be trisected.
6. Draw a parabola of the form y = 2x2 passing through point B.
7. This parabola will cut this circle at 4 points: B, M, L, J. Drop a perpendicular from M to ←→AB
such that it cuts the unit circle at N.
8.∠NBA =

t

3
.

The secret behind this construction can be derived as follows. The equation of the circle with
center at (

cos(t)

2
, 1) can be obtained using the distance formula as:

(2x− cos(t))2 + 4(y − 1)2 = 4 + cos2(t) (2.1)

The equation of the parabola by definition is:

y = 2x2 (2.2)

Putting 2 into 1 we can solve for x to obtain the x-coordinates of the four points of intersection
between the parabola and the circle. Thus we get:

x(4x3 − 3x− cos(t)) = 0 (2.3)

Here we notice that the terms 4x3 − 3x in 3 are the equivalent of a triple angle formula: cos(t) =

4cos3(
t

3
) − 3cos(

t

3
). Hence, x = cos(

t

3
) will yield a solution, which will allow us to construct the

trisected angle as above. The two other non-origin intersections L and J yield angles t+ 2π

3
and

t+ 4π

3
.

3 The well-known ellipse
Sometime after we learned to draw a parabola for the above constructions we became keen to figure
out a means of drawing an ellipse effectively. When playing with circles we re-discovered, probably
like many others before us, that one could construct a curve that looked like an ellipse using two
concentric circles. We found the same in an old book of our father and it confirmed that the curve
was an ellipse without any further explanation.
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Figure 4: Construction of an ellipse using two concentric circles

While it is well-known for our own pleasure we present this construction here (Figure 5):
1. Draw two concentric generating circles with their centers at origin A and radius r1 and r2
2. Take a point C on the first generating circle and draw radius AC. Extend it to meet the second
generating circle at E.
3. Draw a line parallel to the x-axis through C and a line parallel to the y-axis through E. They
will intersect at G.
4. As C moves on the first circle the locus point G traces out is the desired ellipse.

It was only three years later that we confirmed for ourselves that the equation of this curve was
indeed that of an ellipse. It dawned on us that it was embarrassingly trivial to show that because
x

r2
= cos(t), y

r1
= sin(t) where t was the angle made by ←→AE and the x-axis. Thus, the equation of

this curve was:
x2

r22
+

y2

r21
= 1 (3.1)
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4 Oval 1
Even more than the ellipse we were fascinated by those very Cartesian and Newtonian curves, the
ovals. We were obsessed with finding a means of constructing them. Soon after we had drawn
the ellipse as above we realized that its construction could be altered in order to obtain the much
desired oval. This can be done by moving the second generating circle used in construction of the
ellipse by an offset of a. The construction then proceeds thus:
1. Draw the first generating circle with center at origin A and radius r1.
2. Position the center of the second generating circle at point B which is offset from A by the
distance of a. Its radius is r2.
3. Take a point C on the first generating circle and draw radius AC. Extend it to meet the second
generating circle at E.
4. Draw a line parallel to the x-axis through C and a line parallel to the y-axis through E. These
two lines will intersect at G.
6. As point C moves on the first circle the locus point G traces out is the desired oval.

Figure 5: Construction of Oval 1 using two non-concentric circles

While we felt a great sense of triumph upon achieving this construction, we remained restless
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until a few years later when we finally determined its equation shortly after doing so with the above
ellipse. To do so one notes that in the Figure 5: ∠BAC ∼= ∠BAE = t
The y-coordinate of point C on circle A is the same as the y-coordinate of a point G on the oval
under consideration.

∴ y = r1sin(t) (4.1)

The x coordinate of point G on the oval is the same as that of circle B, which has the equation:

(x− a)2 + y2 = r22 (4.2)

The y-coordinate of a point E on this circle B in terms of its x-coordinate is:

y = xtan(t) (4.3)

Putting 3 in 2 we get an equation of the x-coordinate of the oval:

(x− a)2 + tan2(t)x2 = r22 (4.4)

Now from 1 we get:

y2

r21
= sin2(t)

cos2(t) = 1− sin2(t) = 1− y2

r21

∴ tan2(t) =
y2

r21 − y2
(4.5)

Now this expresses tan(t) in terms of y-coordinate of point G on the oval. Putting 5 in 4 we get
the equation of the desired oval as:

(x− a)2 +
x2y2

r21 − y2
= r22 (4.6)

Or it can be expressed explicitly as:

y2 =
r21

(
r22 − (x− a)2

)
r22 + a (2x− a)

(4.7)
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The equation shows us (Figure 6) that the curve has two additional branches that are similar
to hyperbolas. The vertical sweep of these branches have a line parallel to the y-axis as their
asymptote.

Figure 6: Plot of the equation of Oval 1
Figure 7: Family of ovals differing in value of
a, r1 = 1, r2 = 2

5 Variety and variations of Oval 1
The Oval 1 family contains a variety of ovoid curves that are generated by varying the offset pa-
rameter (Figure 7). When a = 0 it becomes the ellipse described above. We do not show the other
divergent branch of the curve but as a tends towards r2 those arms converge towards the oval and
merge with it at a = r2 resulting in a flat side with a parabola-like cap. At a > r2 it becomes a
narrower oval that converges towards a very narrow ellipse at very large a.

Variations on Oval 1 can be obtained that are no longer ovals. This is done by allowing the
offset determining the center of the second generating circle to move freely in both the x- and
y- directions. As result a variety of interesting curves are obtained (Figure 8). Some of these
variations are potentially useful in simulating certain biological shapes. For instance some of the
curves shown in the figure using this construction can be used to mimic the outlines of bivalve shells.
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Figure 8: Non-oval Variations of Oval 1
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6 Oval 2
Around the same time we stumbled upon the above oval we also discovered for ourselves another
kind of an oval. This construction emerged from our playing with instrumental means for drawing
ovals. We used a bangle for a circle and two straight wires: one ran across the diameter of the
bangle and remained fixed to the bangle. The other was tethered on one end to the bangle with a
tight loop so that it could move along the bangle. Its second end was similarly tethered to the first
wire so that it could move along that wire. While our mechanism was clumsy in practice it allowed
to clearly realized the construction presented below:

1. Let the generating circle (equivalent of the bangle in our instrument) have a center at point A.
2. Have a fixed diametrical horizontal line passing through its center at point A (the equivalent of
the first wire).
3.The generating segment of a fixed length (the equivalent of the second wire) has one end on the
circle at point C which moves along the circle. The other end moves along the above horizontal
line.
4. Chose a point F on the CE. As Point C moves along the circle and the point E on the horizontal
line, the CE being of fixed length makes such a motion that point F traces out an oval.

Because of the symmetry in determining these points like E and F one gets multiple bilaterally
symmetric ovals in principle (see below), though the instrument as originally conceived will only
generate one oval at a time.

Figure 9: Construction of Oval 2

Obtaining the equation of this oval needed little more algebra than the earlier one but at the
end of it we felt a great sense of success and ānanda like one experiences upon drinking soma at a
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śrauta ritual. In the above figure depicting the construction of this oval consider the following:
AC is the radius of the generating circle and is a constant r. The CE is the generating segment of
fixed length a, which is attached on one end to the circle and on the other end to the horizontal
line which is the x-axis. CF marks the segment of fixed length b which will determine the point F
on the oval.

We have DC = p, AD = q, AK = MD = y, which is the y-coordinate of point F on the oval.
KD = j, DF = i. Hence, the x-coordinate of point F on the oval is

x = j + i (6.1)

We also have △ACE ∼ △DCF .

∴ p

r
=

b

b

p =
b

a
r

q = r − b

a
r = r(1− b

a
)

Likewise, ∠DAM ∼= ∠CDE = t Applying the bhujā-koṭi-karṇa-nyāya to △AKD we get:
j2 = q2 − y2

∴ j2 = r2(1− b

a
)2 − y2

∴ j = ±
√

r2(1− b

a
)2 − y2 (6.2)

Similarly, we have:

cos(t) =
j

q
=

√
r2(1− b

a
)2 − y2

r(1− b

a
)

∴ cos(t) =

√√√√√1− y2

r2(1− b

a
)2

(6.3)

Applying the cosine rule to△DCF we get: i2−2pcos(t)i+p2 = b2i2−2pcos(t)i+p2−b2 = 0
Solving above quadratic for i we get:

∴ i = pcos(t)±
√
p2cos2(t)− p2 + b2 (6.4)
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Next we individually work on pcos(t) and
√
p2cos2(t)− p2 + b2. Using 3 we get:

pcos(t) =
b

a
r

√
r2(1− b

a
)2 − y2

r(1− b

a
)

=
b

a

√
r2(1− b

a
)2 − y2

1− b

a

∴ pcos(t) =
b

a− b

√
r2(1− b

a
)2 − y2 (6.5)

√
p2cos2(t)− p2 + b2 =

√√√√√√ b2

a2
r2(

r2(1− b

a
)2 − y2

r2(1− b

a
)2

)− b2

a2
r2 + b2

=

√
b2

(a− b)2
(r2(1− b

a
)2 − y2)− b2r2

a2
+ b2

=
b

a− b

√
r2(1− a

b
)2 − y2 − r2(a− b)2

a2
+ (a− b)2

∴
√

p2cos2(t)− p2 + b2 =
b

a− b

√
(a− b)2 − y2 (6.6)

Putting 5 and 6 into 4 we get:

i =
b

a− b
(

√
r2(1− b

a
)2 − y2 ±

√
(a− b)2 − y2 (6.7)

Putting 7 and 2 into 1 we get:

x = ±
√
r2(1− b

a
)2 − y2 ± b

a− b
(

√
r2(1− b

a
)2 − y2 ±

√
(a− b)2 − y2

Then we consider the following 1 +
b

a− b
=

a

a− b

Using the above to simplify x we get:
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x = ± a

(a− b)

√
r2

(
1− b

a

)2

− y2 ± b

(a− b)

√
(a− b)2 − y2

Defining the convenient constant c = a−b we can simplify the above to get: cx = ±
√
r2c2 − a2y2±

b
√
c2 − y2

This finally leads us to the desired quartic equation of our oval:(
c2x2 +

(
a2 + b2

)
y2 − c2r2 − b2c2

)2
= 4

(
c2r2 − a2y2

) (
b2c2 − b2y2

)
(6.8)

From the construction we see that a second oval-like curve(Figure 10) is generated by the point on
the opposite side of point F with respect to point C along←→CE. By defining the convenient constant
d = a+ b in place of c we get that curve:(

d2x2 +
(
a2 + b2

)
y2 − d2r2 − b2d2

)2
= 4

(
d2r2 − a2y2

) (
b2d2 − b2y2

)
(6.9)

Figure 10: Second oval-like curve produced by the point opposite to point F with respect to point
C
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7 Variational experiments with Oval 2

Figure 11: Variation of of Oval 2 as point F is moved along CE

The basic construction of Oval 2 allows one to generate a diverse family of curves that depart from
the oval shape as the point F is moved along the ←→CE. Beginning with a more ellipse-like form as b
tends to a the oval becomes flatter and vanishes at b = a. As b overtakes a it resumes its oval form
with the inequality of the two ends of the oval increasing and one of the ends flattening (Figure 11).
Finally as b becomes twice a one end of the curve reaches maximal flatness. Thereafter it becomes
a concave curve acquiring a demilune shape with increasing b.

Upon obtaining the equations of these ovals we tried out some algebraic experiments to arrive
at another comparable quartic oval with a simpler equation.

a2x4 + 4ax2y2 − 2abx2 = 4c− b2 (7.1)
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In 1 the three parameters a, b and c are all positive. When c = 1, b = 2 and a = .5 we get an
ellipse. For b < 2 with the other parameters being the same we get a symmetric open curves with
humps at y = 0 and the two branches having the y-axis as their asymptote. At b > 2 and other
parameters the same we get ovals. These ovals begin with one end flat as in the above examples
and become increasingly “egg-like” in shape (Figure 12, top two curves).

Finally, just as with Oval 1 we can get another type of variation by altering the construction
of Oval 2. Here the generating circle on which point C travels is moved from the position at origin
above or below it. This results in pairs of curves that look like distorted “figure of eight” curves
(Figure 12, bottom four curves).

Figure 12: Ovals from equation 1 and variations of oval 2 obtained by moving the generating circle
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