
The astroid, the deltoid and the fish
within the fish

1 Prologue
oṃ hrīṃ bhuvaneśvaryai namaḥ |

We start by worshiping Devī Bhuvaneśvarī the mistress of the cakra in the form of the astroid.

As a kid the light from the street lamp used to pass through the corrugated glass of the win-
dow in our room and produce some interesting curves. The most prominent of these was one with
four cusps, which we learned from a book of our father to be an astroid. We soon discovered for
ourselves that it could be constructed using the spirograph principle: when rotated inside another
circle, with radius 4 times its radius, a point a point on the circumference of a circle traces out an
astroid (Figure 1). Likewise, when we did the same with circles that had radii in the ratio of 1:3
we got a tricuspid curve that we learned was called the deltoid (Figure 2). Finally, when we did
this with circles having radii in the ratio of 1:2 we got the diameter of the larger circle (Figure 3).
In doing so we had recapitulated what the Hashishin marūnmatta scientist Nasir al-din al-Tusi had
done in the days of the Il-Khan Hulegu. This also corresponded to what we could learn about the
construction of this family of curves, namely the hypocycloids, from our father’s book. However,
we were keen to have other means for constructing these curves because our spirograph could not
draw them properly as the hole for the pen was not ideally positioned.

Figure 1: The astroid as a
hypocycloid with radial ratio of
1:4

Figure 2: The deltoid as a
hypocycloid with radial ratio of
1:3

Figure 3: The al-Tusi diameter
as a hypocycloid with radial ra-
tio of 1:2
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Around the 10th year of our life the means for drawing these curves and many others came to
us from an unexpected quarter as we wandered free from cares in the Karṇāṭa country. We often
went with our maternal grandfather to a shrine built around a millennium ago by kālāmukha-s
patronized by Cālukya-s. In the vicinity of that shrine we saw a traditional Indian chair-maker
who was making wicker chairs (known as auśīra in Sanskrit; frequently called a moḍā in Southern
deśī tongues) by tying bamboo sticks. We saw him deftly craft hyperboloid surfaces of different
curvatures using linear bamboos. This immediately gave us the inspiration that we might be able
use a similar technique to draw curves on a plane by placing lines which smoothly vary in their
inclinations. We applied ourselves to it right away upon reaching home. While our initial attempts
ended in failure, by the end of that vacation we had discovered for ourselves many constructions
for curves using such arrays of lines.

Some time after that we learned that the yantra of the great Mahāvidyā Bhuvaneśvarī was
based on the astroid. The inspiration from that Devī further impelled these constructions and by
our fifteenth year we achieved several such constructions of the astroid, deltoid and other curves:
re-discovering by ourselves what had been done by many in the past and learning others from some
sources like Lockwood’s famous “A book of Curves”. We had by then realized that they were all
envelope constructions. This exercise had given us some understanding of these entities, which
greatly helped us with our visualization of calculus. We re-experience several of these constructions
below.

• Construction of an astroid from rectangles with diagonals of constant length

Figure 4: The right side shows the rectan-
gles forming the bounding circle while the
left side shows the half rectangles with diag-
onals forming astroid

Figure 5: The complete astroid formed as an
envelope of the diagonals of the rectangles as
constructed in the adjacent figure
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2 Construction of astroids, deltoids and related curves
Our first experiment which yielded an easy construction of the astroid went thus:
1) Draw all rectangles starting from “tall and narrow” to “short and wide” with two adjacent sides
defined by common vertical (y-axis) and horizontal (x-axis) lines such that their diagonals have a
constant length (Figure 4).
2) The common corner of these rectangles is the center while the opposite corner traces out a circle
(Figure 4).
3) The envelope of the second diagonal of these rectangles i.e. the one other than that connecting
the above points is the astroid. Thus, they are the tangents to the astroid (Figure 5).
This construction can be seen as a simulation of a ladder sliding along a wall, which is the famous
description of an astroid in literature.

• Construction of an astroid as the locus of point defined using another point on
the bounding circle

Figure 6: Astroid Figure 7: Astroid and Quadrifolium

The above experiment led to a second experiment that allowed us to obtain the astroid as the
locus of a point rather than as an envelope (Figure 6).
1) Draw the bounding circle of radius a with center O within which we would construct the astroid.
2) Take any point C on the above circle and draw perpendiculars from it to the x-axis and y-axis.
These perpendiculars intersect the axes respectively at points A and B.
3) Draw ←→AB connecting points A and B.
4) Drop a perpendicular to ←→AB from point C to intersect it a point D.
5) As point C moves along the circle point D traces out an astroid.
As one can see, the above construction uses a similar principle as the previous one. The ←→AB is the
equivalent of the diagonal of the rectangle in Figures 4 and 5. Here, the point of tangency of ←→AB

3



and the astroid is directly identified using the perpendicular from point C.

This construction also allowed us to construct another notable curve related to the astroid thus
(Figure 7):
1) Drop a perpendicular from the center of the circle, point O, to ←→AB. It intersects ←→AB at point E.
2) The locus of point E as point C move around the bounding circle is a four-petalled rose also
known as the quadrifolium.

From the construction it can be seen that the quadrifolium is the pedal curve of the astroid for
normals from the origin. Moreover the quadrifolium’s circumcircle is the incircle of the astroid and
these three curves are concurrently tangent to each other (Figure 7). Using the bhujā-koṭi-karṇa
nyāya one can show that this incircle of the astroid is half the radius of the astroid’s circumcircle.
We shall consider some further details of this circle and the quadrifolium further ahead.

Figure 8: Pedal point on diameter Figure 9: Pedal point on circumference

Moving the pedal point from origin O to a point H on the diameter of the bounding circle we can
perform a similar construction of the pedal curve (Figure 8). The resulting curve is a quadrifolium
with bilateral symmetry where one pair of petals is larger than the other pair. When we move the
pedal point to where the diameter meets the circumference of the bounding circle we see that two
of the petals vanish and the curve crosses itself at point of contact between the circumcircle and
the astroid (Figure 9). Visual examination of this family of quadrifolia allowed us, much to our
pleasure, to derive their general polar equation:

r = a sin 2θ − b cos (θ) (2.1)

When b = 0 in 1 we get the classic quadrifolium. When a = 1 and b = 2 we get the version in

4



Figure 9. The other values give other versions of this curve.

• Construction of astroid as the envelope of a family of ellipses with a constant
sum of axes

Acknowledging our fascination for the conics, our father obtained for us a most beautiful set
of devices - templates for ellipses and circles. Using this we were able to achieve another easy
construction of the astroid:
1) Draw ellipses around a common central point such that the sum of their semi-major and semi-
minor axes is a constant.
2) The envelope of such ellipses is a astroid (Figure 10).
As with the rectangles with a constant diagonal here too we find the narrow and tall or equivalent
long and short ellipses converging at the limit to the cusps of the astroid, while the rest contribute
to the four arcs of it. The central ellipse where the major and minor axes become equal is the in-
circle of the astroid (Figure 10), which we showed above in the context of the quadrifolium (Figure
7).

Figure 10: Astroid as envelope of 100 ellipses
of given form. Central ellipse is also incircle

Figure 11: Astroid as envelope of normals or
evolute of an ellipse

• An elongated astroid as the evolute of an ellipse

In our early youth we received with interest our father’s impatient but clear lesson on evolutes
of curves: An evolute is a curve formed by the envelope of the normals of that curve. We quickly
followed up the lesson with the construction of the evolute of an ellipse. To our surprise as a kid
it turned out to be another type of astroid (Figure 11). Notably this astroid was longer along the
minor axis and shorter along the major axis; its cusps defined a rhombus, which was not a square.
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As the major and minor axes become more equal in length the astroid also becomes more equal but
collapses to a point when the ellipse becomes a circle.

We later learned that this construction was first achieved by the French scientist Lamé who was
considered by Karl Gauss as one of the great mathematicians of the age.

• Hypocycloids outside circles and epicycloids inside circles

Finally we shall present a construction which allowed us to construct hypocycloids outside cir-
cles (remember they are normally produced by rotating a circle inside a circle) and conversely
epicycloids inside circles. These constructions have a certain beauty to them.

Hypocycloids:
1) Draw a circle with center O which will be the incircle of the hypocycloid one wishes to construct.
2) Mark its diameter AOB. Starting from point B mark points on the circle defined by arcs, each
of which subtend a certain angle t (e.g. of 2.5°), going all the way till you reach point A.

Figure 12: A deltoid and an astroid outside the generating circle

3) Starting with point A and mark points on the circle defined by arcs each subtending an angle
of (n− 1)t going in the opposite direction till you reach point B. Here n is the number of cusps of
the hypocycloid. Thus, for an astroid, given t = 2.5°we have (n− 1)t = 7.5°.
4) Draw lines connecting the i-th point on the circle marked starting from point A with the i-th
point marked starting from point B, i.e. first from A with first from B, second with second so on.
5) The envelope of these lines is the desired hypocycloid (Figure 12).
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Figure 13: A nephroid and a tricuspid epicycloid inside the generating circle

Epicycloids:
1) Draw a circle with center O which will be the circumcircle of the epicycloid one wishes to con-
struct.
2) Mark its diameter AOB. Starting from point B mark points on the circle defined by arcs, each
of which subtend a certain angle t (e.g. 2.5°), going all the way till you reach point A.
3) Again starting with point B and mark points on the circle defined by arcs each subtending an
angle of (n+ 1)t till you reach point A. Here n is the number of cusps of the epicycloid. Thus, for
a cardioid, given t = 2.5°we have (n+ 1)t = 5°.
4) Draw lines connecting the first set of i-th points on the circle marked starting from point B with
the second set of i-th points marked also starting from point B.
5) The envelope of these lines is the desired epicycloid (Figure 13).

• The remarkable emergence of the deltoid in relation to any given triangle
Triangles are the source of much mysterious geometry emerging in unexpected places: lines,

circles and hyperbolas linking all manner of points associated with a triangle 1. When we first
learned of the appearance of a deltoid in connection with a triangle it was a remarkable experience.
The deltoid was like the Iranian’s fravashi who goes along with the mortal which is the triangle.
This construction goes thus:
1) Draw any triangle ABC.
2) Draw its circumcircle the usual way using the point of concurrency of the perpendicular bisectors
of its sides.
3) From any point D on the circumcircle drop perpendiculars to the three sides of the triangle.
4) Join the points of intersection between these perpendiculars and the respective sides they inter-
sect. These three points will lie on a single straight line.
5) The envelope of the family of such lines as point D moves along the circle is a deltoid (Figure

1https://manasataramgini.wordpress.com/2014/12/28/some-trivia-on-equilateral-triangles-and-the-like-2/
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14).
This is true no matter what triangle and the family of lines that generate it are known as the
Simpson lines.

Figure 14: The deltoid and its generating triangle and triangular circumcircle

3 Some derivations for the equation of the astroid from above
envelope constructions

1. Here the family of curves is defined by the function F (x, y, z), where z is the parameter that
determines the family and x and y the Cartesian coordinates of a representative member of the
family.
2. Apply partial derivative operator on this function to obtain ∂F (x, y, z)

∂z
.

3. Use these two to eliminate z in order to get the equation of the envelope of the family.

• Equation of an astroid from rectangles with constant diagonals
To derive the equation of the astroid from the family of rectangles having diagonals of a constant
length a let us consider the following:
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1. The sides of the rectangle are x and y (Figure 4).
2. From construction we can see that the end of one of the diagonals is defined by the coordinates
x, y.
3. Thus, by the bhujā-koṭi-karṇa nyāya the equation of the bounding circle is (Figure 4):

x2 + y2 = a2 (3.1)
4. The set of second diagonals of these rectangles are the tangents to the astroid and defines the

curve as an envelope.
5. Based on the same construction (Figure 5) we can obtain the equation of this diagonal in the
two intercept form, where z is the y intercept as:

x√
a2 − z2

+
y

z
= 1 or y = z − zx√

a2 − z2
(3.2)

Applying the first partial differential operator ∂

∂z
to the above equation we get the equation of

the rate of change of parameter z:

∂

∂z

[
y = z − zx√

a2 − z2

]
Applying product rule and chain rule for differentiation:

0 = 1 +
z2x

(a2 − z2)3/2
− x

(a2 − z2)1/2
= 1 +

z2x− z2x− a2x

(a2 − z2)3/2
= 1− a2x

(a2 − z2)3/2

∴ x =
(a2 − z2)3/2

a2
(3.3)

Putting 3 in 2 we get: y = z − z(a2 − z2)

a2
=

z3

a2

∴ z = a2/3y1/3 (3.4)

Further from 3 we get:

x2/3 =
a2 − z2

a4/3
(3.5)

Putting 4 in 5 we get: x2/3 =
a2

a4/3
− a4/3y2/3

a4/3

Thus, we obtain the equation of the desired astroid as:

x2/3 + y2/3 = a2/3 (3.6)
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• Equation of an astroid from family of ellipses with a constant sum of axial
lengths

Now we can do the same as above with the family of ellipses whose axes sum up to a constant
length, which have the astroid as their envelope (Figure 10). However, that needs a little more
complex algebra. We can write the equation of the family of ellipses whose sum of major and minor
axes is a constant a as:

x2

z2
+

y2

(a− z)2
= 1 (3.7)

where 0<z<a

By applying the first partial differential operator ∂

∂z
to the above equation we get the equation of

the rate of change of parameter z:

∂

∂z

[x2

z2
+

y2

(a− z)2
= 1

]
− 2

x2

z3
+ 2

y2

(a− z)3
= 0

x2

z3
− y2

(a− z)3
= 0 (3.8)


1

z2
1

(a− z)2

1

z3
− 1

(a− z)3


[
x2

y2

]
=

[
1

0

]
(3.9)

[
x2

y2

]
=

1

∆

−
1

(a− z)3
− 1

(a− z)2

− 1

z3
1

z2

[
1

0

]

[
x2

y2

]
=

1

∆

−
1

(a− z)3

− 1

z3

 = − 1

∆


1

(a− z)3

1

z3
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−∆ = −[− 1

z2(a− z)3
− 1

z3(a− z)2
= −[−z − a+ z

z3(a− z)3
] =

a

z3(a− z)3

∴ − 1

∆
=

z3(a− z)3

a

∴
[
x2

y2

]
=

z3(a− z)3

a


1

(a− z)3

1

z3

 =


z3

a

(a− z)3

a


∴ x2 =

z3

a
; y2 =

(a− z)3

a

∴ x2/3a1/3 = z ; y2/3 =
a− z

a1/3

Thus, from the above expressions we can eliminate z to get the equation of the astroid envelope of

the above family of ellipses as:

x2/3 + y2/3 = a2/3 (3.10)

The equation of its bounding circle is:

x2 + y2 = a2 (3.11)

This form of the equation of the astroid shows that it is a super-ellipse (another finding of Lamé),

i.e. a curve with an equation of the form :∣∣∣x
a

∣∣∣k + ∣∣∣y
b

∣∣∣k = 1 (3.12)

4 Hypocycloids and epicycloids as duals of each other
These considerations arose from the constructions presented in Section 2 where we have epicycloids
inside circles and hypocloids outside circle. Let us take a circle of radius a; hence, its parametric
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equation is:

x = a sin (t)

y = a cos (t)

With respect to this circle we define two sets of parametric equations:

x =
a

n
(± cos (t) (n+ 1)± cos ((n+ 1) t)) (4.1)

y =
a

n
(± sin (t) (n+ 1)± sin ((n+ 1) t)) (4.2)

x =
a

n
(± cos (t) (n− 1)± cos ((n− 1) t)) (4.3)

y =
a

n
(± sin (t) (n− 1)± sin ((n− 1) t)) (4.4)

As one can see, together in each pair of parametric equations there are 4 terms, which can adopt
either sign. Hence, in principle we have actually 16 different pairs of equations corresponding to
each pair. The 16 corresponding to first pair (1 and 2) define epicycloids with n cusps outside the
circle with radius a (Figure15). These are formed in the usual manner by circles rolling outside our
starting circle. Additionally,these define hypocycloids with n + 2 cusps which are formed outside
starting circle. Similarly, the second equation pair (3 and 4) corresponds a set of 16 equation
pairs, which define hypocycloids with n cusps formed inside the starting circle in the usual manner
of circles rolling within it. They additionally define epicycloids, which are inside the outer circle
(Figure16).

Figure 15: Pairs of nephroids (n=2; even)
and astroids(n+2) outside the circle

Figure 16: Pairs of deltoids(n=3; odd) and
cardioids(n-2) inside the circle
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While for each pair (i.e. 1 and 2; 3 and 4) there are 16 different equation pairs they effectively
define only 4 distinct curves namely a pair of hypocycloids and a pair of epicycloids: each member
of a pair of curves differs from the other member in the pair by rotation, the states being designated
0 and 1 (Figure15, 16 ). Additionally, the odd-cusped and even-cusped curves might differ in terms
of rotation for the same pair of equation pairs (tabulated below).

In the below table the first column gives the signs of the four terms in for both pairs of equations
(i.e. 1 and 2; 3 and 4). The second column the curve specified by the equation. To reiterate for
any given set of signs in column 1 a n-cusped epicycloid will be formed by 1 and 2 and a n-cusped
hypocycloid by 3 and 4. For same set of signs in column 1 an epicycloid with n − 2 cusps will be
formed by 3 and 4 and a hypocycloid with n+2 cusps will be formed by 1 and 2. The third column
specifies the rotation state of the even- and odd-cusped curves specified by both pair of equations.

Sign Curve Rotation
++,++ epicycloid(n;n− 2) even(0), odd(0)
++,−− epicycloid(n;n− 2) even(0), odd(0)
+−,+− epicycloid(n;n− 2) even(1), odd(1)
+−,−+ epicycloid(n;n− 2) even(1), odd(1)
−−,−− epicycloid(n;n− 2) even(0), odd(1)
−−,++ epicycloid(n;n− 2) even(0), odd(1)
−+,−+ epicycloid(n;n− 2) even(1), odd(0)
−+,+− epicycloid(n;n− 2) even(1), odd(0)
++,−+ hypocycloid(n+ 2;n) even(0), odd(0)
++,+− hypocycloid(n+ 2;n) even(0), odd(0)
+−,++ hypocycloid(n+ 2;n) even(1), odd(1)
+−,−− hypocycloid(n+ 2;n) even(1), odd(1)
−−,−+ hypocycloid(n+ 2;n) even(0), odd(1)
−−,+− hypocycloid(n+ 2;n) even(0), odd(1)
−+,++ hypocycloid(n+ 2;n) even(1), odd(0)
−+,−− hypocycloid(n+ 2;n) even(1), odd(0)

5 Some interesting relationships regarding the area of the
astroid

By the time we had completed the above described constructions of epicycloids and hypocycloids
we became interested in determining their area. This was not difficult given that it involved some
elementary calculus of the kind we were supposed to do for our university entrance exams. We
illustrate this below for a general regular hypocycloid with n cusps with the below parametric
equation:

x =
a

n
(cos (t) (n− 1) + cos ((n− 1) t)) (5.1)

y =
a

n
(sin (t) (n− 1)− sin ((n− 1) t)) (5.2)
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where a is the radius of the bounding circle Hence, the area of the hypocycloid is:

Ahc =

2π∫
0

ydx (5.3)

Differentiating 1 with respect to t we get:

dx

dt
=

d

dt
[
a

n
(cos (t) (n− 1) + cos ((n− 1) t))]

∴ dx = −(a(n− 1)

n
(sin((n− 1)t) + sin(t)))dt

Now putting this with 2 into 3 we get:

Ahc =

2π∫
0

a

n
(sin (t) (n− 1)− sin ((n− 1) t)) (

−a(n− 1)

n
(sin((n− 1)t) + sin(t)))dt

Using the equivalences from the table in Section 4:

=

2π∫
0

a

n
(− sin (t) (n− 1) + sin ((n− 1) t)) (

−a(n− 1)

n
(sin((n− 1)t) + sin(t)))dt

=
a2(n− 1)

n2

2π∫
0

(sin (t) (n− 1)− sin ((n− 1) t)) (sin((n− 1)t) + sin(t))dt

=
a2(n− 1)

4n2

(
2nt− (n− 1)sin(2t) +

sin(2(n− 1)t)

n− 1
− 4(n− 1)sin(t)cos((n− 1)t)

n

+
4cos(t)sin((n− 1)t)

n
− 4t

)∣∣∣2π
0

∴ Ahc =
(n− 1)(n− 2)

n2
πa2 (5.4)

Thus, the area of an astroid (n = 4; Figure 17) is:

A(astroid) =
3

8
πa2 (5.5)
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Thus the astroid’s area is 3

8
ths that of its circumcircle.

We obtained above the polar equation of the regular quadrifolium residing within the astroid
(Equation 2.1; Figure 17). Using 2.1, and taking the radius of the incircle of the astroid to be a1

we can determine its area to be:

Aq =
1

2

2π∫
0

r2dθ =
1

2
a21

2π∫
0

sin2(2θ)dθ = − 1

16
a21(−4θ + sin(4θ))

∣∣∣2π
0

∴ Aq =
1

2
πa21 (5.6)

Figure 17: An astroid, and its incircle, circumcircle and quadrifolium

From 6 we can see that that area of the internal quadrifolium of an astroid is half that of its
incircle. Thus, the 4 axe-head sectors (Figure 17) marked out in the incircle by the quadrifolium
have the same area as the latter. Since a1 =

1

2
a its area is 1

8
of the circumcircle of the astroid.

Thus, A(astroid) = 3Aq. Likewise, the difference in the area of the astroid and its incircle is equal
to the area of the internal regular quadrifolium (Aq = A(astroid) − A(incircle). Thus, the area
bounded by the 4 caps of the astroid excluded by the incircle is the same as the area of the internal
quadrifolium and the axe-head sectors below them. We found these area relationships can be tricky
to visually estimate due to an optical illusion arising from these shapes (Figure 17).
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6 Conics and envelopes
As we had described before relatively early on, we had arrived a means of constructing a parabola2.
This construction involved taking a point A on a line and another point B, which will be the focus
of the parabola (Figure 18). Then we draw a normal to the line at point A and also AB. We
then draw the perpendicular bisector of AB. The locus of the point of intersection of the said
perpendicular bisector and the normal as point A moves along the line on which it lies generates a
parabola of the form x2 = 4ay with origin at the vertex of the parabola (Figure 18).

Figure 18: Parabolas constructed using normal method and as the negative pedal curve

These explorations went hand in hand with constructions of curves as envelopes of other func-
tions. So we soon realized that the above construction of the parabola had a related construction
that obtained the parabola as an envelope. This construction goes thus (Figure 18):

1) Take a line ←→OA and draw another ←→l parallel to it through point D.
2) Take a point X inbetween ←→OA and ←→l .
3) Draw line ←→AX and let it intersect ←→l .
3) Draw a perpendicular line through the point of intersection of ←→AX and ←→l .
4) As point A moves on ←→OA the envelope of the family of the above-defined perpendicular lines is
a parabola.

We learned from our father that this type of construction was that of the negative pedal curve.
2https://manasataramgini.wordpress.com/2008/03/28/fancies-of-the-parabola-and-hyperbola/
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Notably, this experiment taught us that the negative pedal curve was similar to the curve con-
structed using the method of intersection of the normal and perpendicular bisector but was ”twice”
it.

As we have discussed before2, the above constructions done with a circle in place of the gen-
erating lines yields the ellipse, when the pedal point is inside the circle, and a hyperbola when
it is outside the circle. Thus, we can consider that the line and the circle are the ”fundamental”
curves which generate the parabola, the hyperbola and the ellipse as negative pedal curves or the
comparable normal-bisector intersection locus.

Similar constructions can also be performed using a parabola in place of the line. We then get
two notable curves depending on whether the pedal point is at the focus of the parabola or the
vertex of the parabola (Figure 19, 20).

Figure 19: Pedal point at focus of parabola Figure 20: Pedal point at vertex of parabola

1) For the envelope construction from the pedal point B draw a line that intersects the parabola
at point A.
2) Draw a perpendicular line to AB.
3) The envelope of all such perpendicular lines as A moves along the parabola produces the required
curves.
4) Similarly, draw the perpendicular bisector of AB and the normal to the parabola at point A.
5) The locus of the point of intersection of the above two lines gives us another version of the
required curve.

The first of these curves, with the pedal point at focus (Figure 19), we later learned, was
discovered by l’Hospital of limits by differentiation fame. It shares a focal point with the parabola
and is a caustic curve formed by reflection light from a distant point shone on a parabolic mirror.
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For the parabola whose equation is 4ay = x2 or in parametric form (2at, at2) this curve has the
parametric equation of the form:

x = at(3− t2) (6.1)
y = 3at2 (6.2)

By eliminating t from 1 and 2 we its equation as:

27a3x2 = y(y − 9a)2 (6.3)

From the construction (Figure 19) it becomes clear that the normal-perpendicular bisector inter-
section curve is similar to the negative pedal curve but half the size of this curve. Hence, we can
derive its equation in the parametric form from 1 and 2 as:

x =
a

2
t
(
t2 − 3

)
(6.4)

y =
1

2
a
(
1 + 3at2

)
(6.5)

Figure 21: Catalan trisection of an angle
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The above construction of the negative pedal curve of the parabola can be used to trisect an
angle – a relatively recent discovery (late 1800s) in this hoary field by a mathematician called Cata-
lan. This trisection is performed thus (Figure 21):
1) Draw the angle to be trisected such that its apex is at the focus of this negative pedal curve
(point A), its base is the y-axis and the other ray intersects the curve at a point F.
2) Draw a tangent to the curve at point F. This tangent is one of the family of lines from the above
construction whose envelope is this curve.
3) Draw a perpendicular line to ←→AF at point F.
4) The angle between the tangent and above perpendicular =

1

3
∠BAF .

This relates to the fact the curve is related to a triple angle relationship. If the origin were
to be shifted to the focal point A then one can write its equation as r = a csc3(θ

3
). With some

trigonometric manipulation it can also be written as:

r = a

 4

3 sin
(
θ

3

)
− sin θ



Figure 22: Negative pedal and normal-perpendicular bisector intersect curves of a parabola

The second of these curves (Figure 20), which has the pedal point as the vertex of the parabola
is the semicubic parabola. Here one can see that even though the normal-perpendicular bisector
intersect version is the “half-point” curve of the negative pedal curve proper it lies outside of the
latter (Figure 22). This relates to the fact that the diverging branches of these semicubic curves run
parallel to but below the divergent branches of their respective companion curves with the pedal
point at the focus of the parabola (Figure 22).
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This curve is defined by the parametric equation of the form:

x = at3 (6.6)

y = a
(
4 + 3t2

)
(6.7)

By eliminating t from 6 and 7 we get the equation of the semicubic curve to be:

y = 4a+ 3
(x
a

)2/3

(6.8)

One can see right away that with the exponent 2/3 this curve is to a parabola somewhat like an
astroid is to an ellipse. Below we will see a negative pedal curve of an ellipse related to the semicubic
parabola that is however a deltoid. Further, from 6 and 7 by using the “half-point” principle we can
write the parametric equation of the normal-perpendicular bisector intersect version of this curve
as:

x =
a

2
t3 (6.9)

y =
a

2

(
4 + 3t2

)
(6.10)

7 The fish within the fish
In this section we shall describe constructions of a similar type that we performed using an ellipse
as the directing curve, which led us to a beautiful family of curves (Figure 23):
1) Take a point B on the ellipse and draw a segment connecting it to one of the foci A.
2) Draw a line perpendicular to AB.
3) A point B moves along the ellipse the envelope of the family of the above-specified perpendicular
lines defines the negative pedal curve of the ellipse.
4) Draw the perpendicular bisector of AB and the normal to the ellipse at point B.
5) These lines intersect at point C. The locus of point C as point B moves along the ellipse is a curve
similar to the above negative pedal curve but half its magnitude (Figure 23). It is the equivalent
negative pedal curve of the ellipse traced out by D the midpoint of AB.

We found that when the eccentricity of the directing ellipse 0 < ee ≤ .5 we get an oval, another
of our old favorites. But for ee > .5 a fish hatches out of the egg: we get a fish-shaped curve
whose tail-fin grows in height with increasing eccentricity(Figure 24). For 1√

2
≤ ee ≤ .75 we get

an aesthetically appealing fish curve. Thus, for the above constructions we get a fish within a fish
(Figure 23).
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Figure 23: The fish curves

If we move the pedal point from the focus to other places then we get other types of curves.
The general equation of this negative pedal curve is rather complicated. Hence, we shall work it
out in some detail below and then discuss some additional special cases.

Let a curve have the parametric equation:

x = f(t), y = g(t)

Let the pedal point for construction of the curve be: (x0, y0)

Using the principle we applied in deriving the equation of the astroid, the negative pedal curve of
the curve (f(t), g(t)) is given by the parametric equation:

x =

(
(g(t)− y0)

2 − (f(t)− x0)f(t)
)dy
dt

+ (2f(t)− x0)(g(t)− y0)
dx

dt

(f(t)− x0)
dy

dt
− (g(t)− y0)

dx

dt

(7.1)

y =

(
(f(t)− x0)

2 − (g(t)− y0)g(t)
)dx
dt

+ (2g(t)− y0)(f(t)− x0)
dy

dt

(f(t)− x0)
dy

dt
− (g(t)− y0)

dx

dt

(7.2)
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For our directing ellipse:

x = f(t) = a cos t, y = g(t) = b sin t

∴ dx

dt
= −a sin t,

dy

dy
= b cos t

Putting the above into 1 and 2 we get the below monster parametric equation for the negative
pedal curve of an ellipse. We have to invert the sign of f(t) because, as we can see from the
construction, the envelope twists on itself (Figure 22); thus, we have one region with no lines (the
dark part; core of the fish) and the part where the lines crisscross (the tail-fin of the fish):

x =
(2a cos t− x0) (b sin t− y0) a sin t−

(
(b sin t− y0)

2 − (a cos t− x0) a cos t
)
b cos t

(a cos t− x0) b cos t+ (b sin t− y0) a sin t
(7.3)

y =

(
(b sin t− y0) b sin t− (a cos t− x0)

2) a sin t+ (2b sin t− y0) (a cos t− x0) b cos t
(a cos t− x0) b cos t+ (b sin t− y0) a sin t

(7.4)

The distance between the center and the focus of the ellipse is:

c =
√
a2 − b2 ∴ ee =

c

a
Thus, by using the above values in 3 and 4 we get the curve formed by the envelope of lines

with the elliptical focus (c, 0) as the pedal point as being given by the parametric equation:

x = a cos t− c sin2 t (7.5)

y =
(a2 − 2c2 + ac cos t) sin t

b
(7.6)

We can also see that the ellipse traced by the mid-point of AB in the above construction is:

x =
a

2
cos t+ c

2
(7.7)

y =
b

2
sin t (7.8)

Thus, we get the normal-perpendicular bisector intersect version of this curve to be:

x =
1

2
(a cos t− c sin2 t) +

c

2
(7.9)

y =
(a2 − 2c2 + ac cos t) sin t

2b
(7.10)
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These equations specify the oval and fish curves.

Figure 24: Negative pedals curves of ellipse with pedal point at focus

When we move the pedal point to the center of the ellipse (0, 0) 3 and 4 can be reduced to:

x = a cos t
(
1 + e2e sin2 t

)
(7.11)

y =
a sin t

(
1− 2e2e + e2e sin2 t

)√
(1− e2e)

(7.12)

At ee = 0 this curve becomes a circle and when 0 ≤ ee ≤
1√
2

we get the bilaterally symmetric

subelliptical curve, which approximates the generating ellipse at low eccentricities (Figure 25). At
ee =

1√
2

it becomes the American football curve. For 1 > ee ≥
1√
2

it becomes a curve with two
fish-tails and their heads fused together – with 4 cusps and 2 cross-over points. When we move the
pedal point to the apical point on the perimeter of the ellipse i.e., (a, 0) we get a distorted deltoid
or just the tail of the fish (Figure 25), which is specified by the parametric equation:

x = −(a2 + b2 − c2 (2 cos t+ cos (2t)))
2a

(7.13)

y =
c2 sin t ((cos t− 1))

b
(7.14)

As the ee → 0 we get a smaller and more regular deltoid which vanishes when the directing
ellipse becomes a circle. Thus, its behavior is similar to the astroid formed as an evolute of the
ellipse. As the ee → 1 the focal fish-curve and the apical deltoid become more and more like the
above-discussed parabolic negative pedal curves with pedal points at focus and vertex respectively.
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Figure 25: Negative pedals curves of ellipse with pedal point at center or apical end

The various forms these elliptical negative pedal curves display different tangency states to the
generating ellipse at one or both of the apical ends (−a, 0) and (a, 0). The contact point might
sharp as seen in the American football or incipient oval form of the curve. We do not discuss
further the divergent versions of the curve with an external pedal point. These are comparable to
the hyperbola, which is formed when a circle is used as the directing curve.

Curve Tangency Contact

Oval Both ends internal Both ends smooth or
one end sharp

Subelliptical curve Both ends internal
Both ends smooth or
sharp(American foot-
ball curve)

Fish curve Fish-head internal,
fish-tail external Both ends smooth

Double fish-tail curve Both fish-tails external Both ends smooth

Deltoid
One arch externally
tangent, other end in-
ternally non-tangent

Single Smooth contact

Curve with divergent
branches formed with
external pedal point

Both contact points
external Both ends smooth

Figure 26: Form of the negative pedal curves as x0 is moved from center to apical end

Finally, we shall briefly consider the forms of the curve arising from sliding the pedal point
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(x0, 0) between the center and the apical end of the directing ellipse(Figure 26). For 0 < ee ≤
1√
2

the curve has an oval to fish transition point i.e. a point after which the curve acquires the incipient
fish tail for the first time. For ee >

1√
2

the curve is always either a fish or double fish-tail curve. In

the valid range the point of oval to fish transition can be described by a plot of ee vs
x0

a
(Figure

27). This plot is a parabola of the form: y = −2.0351x2 + 0.0465x+ 0.9953.

Figure 27: Plot of eccentricity of ellipse vs the oval-fish transition point x0

a

With that we have re-experienced some geometric fancies of our youth, which gave as the same
pleasure as it did in those days long past.
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